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Abstract-Thespreadinganddecayingofachargedffuidthatisissuedintoastagnantfluidasanunconstraint- 
submerged turbulentjet isinvestigated.Thedynamicconservationequationofchargeissoived analytically for 
the mean charge density field in the flow by assuming a simple velocity field and numerically by using a more 
accurate velocity field. It is shown that the characteristics of a charged jet can be described by a dimensionless 
length ratio defined as avJ/uuj with E and (r being the fluid electrical permittivity and the fluid electrical 
condu~ti~ty, respectively. Based on the electrostatic properties of a charged jet, three conductivity ranges were 
identified. In the high-conductivity range, when u > 0.2 .sV,/aj, the charged region is confined only to the near 
field. In the other extreme, for IJ < 0.002 &I(/aj, there is a low-conductivity range in which the charge density 
field in the flow behaves analogously to other conservative scalar field properties in a turbulent jet with 
similar ratesofdecay and spread. The intermediate conductivity range falls between these two limits and here 

charge dispersion is controlled by migration and diffusion. 

INTRODUCTION 

CHARGING in fluids is an observable phenomenon on a 
macroscopic level whenever the fluid conductivity is 

very low. A charged species is transported in fluid media 
by convection, diffusion and migration. Ordinary 
solute solutions and water have relatively high 
conductivities, and with respect to a length scale of the 
flow geometry, migration predominates the transport 
phenomenon. In other words, the time scale for 
migration of charge is much smaller than the 
corresponding time scales for convection and diffusion ; 
and as a result, diffusion or convection of charge in the 
flow is virtually nonexistent. For such fluids,it is only in 
the close vicinity of an interface that all the time scales 
may become of the same order and the three effects have 
to be considered simultaneously [l]. In a nearly 
insulating liquid, on the other hand, the migration time 
scale is usually of the order of a few seconds and longer. 
Charge can thus be transported in an insulating liquid 
via convection and/or diffusion in a macro-length scale. 
Convective charge transfer is of interest to scientists 
and engineers because of electrostatic hazards 
associated with charging in hydrocarbon fuels [Z, 31. 

in fuel transport operations, the fluid which is 
charged by passing through pipes and filters enters the 
receiving tank frequently as a turbulent jet. The 
purpose of this paper is to find the properties of a charge 
density fluid which is generated in charged, turbulent, 
freejet flow. The rates of spread and decay of the charge 
density field contribute to a more accurate prediction of 
electrostatically hazardous situations that may occur 
in the receiving tank [4]. 

For a turbulent jet issued into a stagnant fluid, 
experimental and theoretical studies are available on 
the properties of a mean scalar field T(r, z) such as 
temperature and mass concentration [5-121. These 
analyses are based on the argument that the mean 
property profiles are self-preserved at least after a 
specific length from the origin of the jet. It is then 
concluded that the profiles obey a decay law for the 
mean property at the centerline denoted by Tc which is 
of the form 

; = C,(z-z’)/aj 
c 

and the half-radius rliz which is a distance from the 
centerline where I+,,,, z) = $, grows according to 

r1,2 = C,(z-2’). (2) 

In these equations, rj is the mean property at the origin, 
aj is the nozzle radius, and Ci and C, and z’ are 
constants of the order 0.1, 0.1 and 10 aj, respectively. 

Because of migration of charge, the dynamic 
conservation equation for charge density contains an 
additional term which is absent in the conservation 
equation for conservative properties such as mass and 
energy. An extra length scale is then required to fully 
define a charge density field; and it may thus be 
concluded that the charge density field can not be 
characterized by a self-preservation hypothesis. As a 
result of this distinction, it is expected that in general 
equations (1) and (2) do not describe the spread and 
decay of a charge density field in turbulent free jets. 

Schon and Kramer [13] have considered the flow 
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NOMENCLATURE 

aj jet radius at the inlet section 
C concentration of species 

C, a constant in decay law 

C2 a constant in spread law 
D molecular diffusion coefficient 
Dij turbulent diffusion tensor 

DT turbulent eddy-diffusion in radial 
direction 

F Faraday’s constant 
J current density 
K a constant in the expression for D, 

L dimensionless parameter, 7oj/aj 
Pe P&let number 

4 local charge density 

Y’ charge density fluctuating component 
r radial coordinate 

r1,2 half-radius 

ri inner radius of the diffuse layer 

r2 outer radius of the diffuse layer 

Re Reynolds number 

zi 

Zf 

Z’ 

length of the inlet section 
length of the inlet and transitional 
sections 

a constant in the decay and spread 
similarity laws. 

Greek symbols 
m rate of growth of the diffuse layer 

l- scalar field property 
E fluid’s electric permittivity 

I 
mobility of ionic species 
the Debye length 

V viscosity 

‘T turbulent eddy-viscosity 
0 fluid’s conductivity 
7 relaxation time 

X normalized radial component in the 
diffuse layer 

* electric potential. 

SC 

t 

V 

V 
1” 

xj 
Z 
Z 

Schmidt number 

time 
velocity field 

velocity component 
fluctuating velocity component 

coordinate in j-direction 
charge number 
axial coordinate 

Subscripts 
C centerline of jet 
i index 

j jet inlet 

0 electrically undisturbed fluid 

+ positive charge 

- negative charge. 

field generated by a point source in one, two and thret 
dimensions and obtained charge density distributions 

in the moving fluid. In their theoretical study, however, 
the effect of diffusion is ignored ; and as a result, Schon 
and Kramer’s analysis does not distinguish between the 

cases of laminar and turbulent flows, nor can it predict 
when diffusion may play a dominant role in charge 
dispersion. Specifically, in turbulent flows, where 
turbulent diffusion is present, their theory has a very 
limited application. 

THE GOVERNING EQUATIONS 

The local current density vectors J + and J _, which 
are present in a fluid due to displacement ofpositive and 
negative ionic species, respectively, are written as 

J, = FZ,[C,V-D,VC, -Z*C+K*VI//] (3) 

where F is the Faraday constant, Z is the charge 
number, C is the species concentration, V is the local 
velocity vector, D and K are the molecular diffusion 
coefficient and the mobility ofionic species respectively, 
and 1(1 is the local electric potential. Subscripts + and - 
refer to positive and negative ions. The three terms on 
the RHS of equation (3) represent the contributions of 

convection, diffusion and migration phenomena to the 
current densities. 

Simplifying assumptions will be made to obtain the 

equation for the net current density from equation (3). It 

will be assumed that all the ionic species are univalent, 
i.e.Z+ = -Z- = 1, and that the diffusion coefficient of 
positive and negative ions are equal, i.e. D + = D_ = D. 
In case of inequality of diffusion coefficients, D may be 
considered to be the average molecular diffusion 
coefficient. By further assuming that K+ = K_ = rc, we 

are essentially considering a binary solution ofidentical 
physico-chemical properties for the charged species. 

Using equation (3), the net current density which is 
defined as 

J=J++J_ (4) 

will take the form 

J = V-q-DVq-aV$ (5) 

where q is the local charge density which is generated 
due to an imbalance of the concentrations of positive 
and negative ionic species, 

q = F(C+ -C_), (6) 

and ~7 is the fluid conductivity which is related to C, 
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and C_ ; 

a = FK(C+ + c-). (7) 

A comparison of equations (6) and (7) reveals that in 
general cr is dependent on the charge density field q and 
is therefore itself a field property. The small charge 
density limit is referred to a state of the fluid when 

I4IFCol << 1, (8) 

with C, being the concentration of charged species in an 
electrically undisturbed fluid. In such a limit, the 
concentration of charged species is not affected 
dramatically even when the fluid is charged and we can 
write 

c++c_ ‘y c,, 

with C, being the concentration of ionic species in 
an undisturbed fluid, everywhere in the flow. 
Consequently, in the small charge density limit which is 
described by equation (8), we have 

I7 2: r70 = FKC, (9) 

which means that the fluid conductivity is invariant 
throughout the flow region and is equal to the 
conductivity of the fluid Q,, in an electrically neutral 
state. To eliminate J and $ from equation (S), the 
equation of continuity of charge 

;+VJ=O, (10) 

with t being the time and the Poisson’s equation, 

V’$ = -t, (11) 

with E being the fluid permittivity, will be used. Once 
equations (5), (10) and (11) are combined together, the 
continuity equation for an incompressible fluid, 

v*v=o, (12) 

can be applied to obtain the transport equation which is 
the dynamic conservation equation of charge. 

84 z +v.vq-V.DVq+ ;q = 0. (13) 

Here 

x=E (14) 
d 

is the relaxation time for charge migration in fluids. The 
term q/r takes into account the migration of charge as a 
result of the induced electric field in the fluid and in the 
absence of convection and diffusion leads to a simple 
exponential decay of charge with a characteristic time 
constant Z. 

In a typical dynamic equation for conservation of a 
quantity such as mass or energy, the last term in 
equation (13) is absent. It then appears that equation 
(13) describes the conservation equation of a non- 
conservative quantity which is depleting at a rate of 

q/z. In fact, in flows with chemical reaction, if one of 
the species experiences a first-order reaction with 
negligible temperature dependency, the corresponding 
production term is linear and the conservation 
equation of that species will be analogous to equation 
(13) [14]. It may thus be concluded that the present 
analysis which is for a turbulent charged jet could be 
applied to predict the characteristics of a turbulent 
reacting jet provided that the conditions mentioned 
above exist. 

Electrostatic body forces are present in the fluid 
because of the induced electric field. However, these 
forces are always much smaller than the rate of change 
of fluid momentum in the small charge density limit 
which then indicates that the electrostatic body forces 
do not disturb the flow field. Accordingly, it will be 
assumed that the flow field is independent of the charge 
density field and is similar to the case of an uncharged 
fluid. Taking this assumption into consideration, 
equation (13) then becomes linear in q. A case in which 
electrostatic body forces initiate a turbulent jet of 
charged fluid is discussed by Bailey and Balachandran 

Cl51- 
In turbulent flows, a field properly is considered to 

be the sum of two components, an averaged-mean 
component and a fluctuating component. Perturbing 
the charge density field as q = 4+ q’, with 4 being the 
mean charge density and q’ being the fluctuating part, 
the transport equation can then be written for 4 as 
follows 

alj - 
5 + v-vq-v - DijZ -wvq+q = 0 (15) 

( > J 

where P is the mean velocity field and 

Dij E vlq’ 
aqpxj (16) 

is a turbulent diffusion tensor, with oi being the ith 
component of the turbulence velocity. Making a 
boundary-layer-type approximation, we neglect the 
axial diffusion of charged species and further we drop 
out the axial convection due to turbulence. For a steady 
axi-symmetric circular jet, the final equation is then 
given by 

v.vq-; ;[?W+DJ~]+ 4 = 0 (17) 

with D, being the turbulent-eddy diffusion coefficient of 
charged species in the radial direction and r being the 
radial component. In this equation, overbars referring 
to the averaged properties are omitted. 

It is evident that because of one additional time scale 
the governing equation, that is 7, the charge density 
profiles in jet flows do not obey a self-preservation law. 
Nonetheless, there are dimensionless parameters which 
characterize the charge density field in the flow. One 
such parameter is the Reynolds’s number, Re = 2yaj/v 
with 5 beingtheinitialjetvelocity,aj beingtheinitialjet 
radius and v being the kinematic viscosity, which 
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specifies the velocity field V(r, z) and the eddy-diffusion 
coefficient D,. From equation (17), two other 
parameters can be deduced: a dimensionless length 
scale which describes the molecular diffusion of 
charged species and in surface chemistry is known as 
the Debye ratio, 

and another length scale which characterizes the 
convection of charged species and is defined as 

Now, assuming that the charge density of the fluid is 
initially qj, the nondimensionalized version of equation 
(17) can be obtained as follows 

-$&-r*(l+g)g]+q*=O. (20) 

Here, V* = v/y is the dimensionless velocity, r* = r/aj 
and z* = z/aj are the dimensionless spatial com- 
ponents, and q* = q/aj is the dimensionless charge 
density. We ignore the double-layer effect on the walls 
of the receiving tank which may interfer with the 
chargedjet ; also we assume that the fluid has a uniform 
charge density at the inlet. Accordingly, the initial and 
boundary conditions for q*(r*, z*) will be 

q*(r*,O) = 1 r* < 1 

q*(r*,O) = 0 r* > 1. 
(21) 

Symmetry condition exists on the jet axis and q* 
vanishes at large r* and z*. 

We further use the approximation that the turbulent 
Schmidt number is unity. In the particular case of a 
turbulent jet where the turbulent eddy diffusion 
coefficient is a constant over the entire flow domain, we 
may write 

D, = v, = Ki$aj (22) 

where K is a constant which is determined 
experimentally. For computational purposes, we set 
K = 0.024 [16]. Using equation (22), the ratio D,/D can 
be expressed in terms of the Peclet number Pe of the 
flow ; 

DT 
- = rcPe = KL,/,i' 
D 

(23) 

with Pe E f$aj/D being the product of Re and SC = v/D 
which is the Schmidt number. Generally, for hydro- 
carbon liquids, SC for charged species is of the 
order of 103. Consequently, Pe becomes much larger 
than unity which in turn indicates that in our case of 
concern molecular diffusion can be neglected in 
comparison to turbulent diffusion. Substitution of 

DT/D in equation (20) results 

In turbulent jets, Vy and V,* are independent of Re. It 
thus becomes evident that, in circular, turbulent 
charged jets, q* can be characterized by only one 
dimensionless parameter which is L,. 

AN ANALYTIC SOLUTION 

Using a simple model for the velocity field, an 
analytic expression for charge density distributions can 
be obtained from equation (24). The solution is in 
integral form and may be applied to the case of a 
circular jet. Despite the sacrifices which are made to 
reach the analytic solution, the closed form solution 
already contains all the basic features of a circular, 
turbulent, charged jet. 

Here, we intend to consider the combined effects of 
convection, turbulent diffusion and charge relaxation 
in an unrestricted jet disregarding the complexities that 
the flow field might introduce into the problem. To this 
end, we set 

l&Y) = vj (25) 

and there will be no radial component for such a 
velocity field. Equation (24) is then reduced to 

(26) 

This equation is similar to the one considered by 
Danckwerts [ 173 who was studying simultaneous mass 
diffusion and chemical reaction. Subject to boundary 
conditions stated in equations (21), the solution for q* is 
in integral form and contains Bessel functions J, of 
zeroth order ; 

m 1 

X 

ss 

gy ,-=*P 
JdWd5r*)dyd5 (27) 

0 0 

withy and < being dummy variables of integration. The 
integration with respect to y can be carried out and 
equation (27) simplies to 

1 

m 
q*(r*, z*) = e-“lL0 e-““‘rZ.lc,(5r*)~Ji(5) d& 

0 
(28) 

It is noted that the initial and boundary conditions are 
readily incorporated in the expression for q* in 
equation (28) and the determination of q* which 
involves a simple numerical integration can be 
undertaken irrespective of calculations for any other 
location in the flow. Simpson’s rule is used to carry out 
the integration and generate charge density profiles for 
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this simplified case. One such series of profiles at 
various distances from the inlet of the jet is depicted in 
Fig. 1 when L, = 5. For values of& larger than 500, the 
charge density profiles remain virtually similar to the 
profiles when L, = 500. For this limit where L, >> z* in 
most of the flow region, the exponential term in front of 
the integral in equation (28) is almost unity; thus q* 
becomes independent of L,. Physically, this limit refers 
to the cases that the fluid conductivity is so low that no 
charge migration takes place and charged species are 
dispersed by convection and turbulent diffusion only. It 
then turns out that for L, > 500, the last term in 
equation (26) which represents migration effects is 
much smaller than the other terms in the equation and 
can be dropped out. Charge density then obeys the 
conservation equation as mass and temperature and 
consequently charge density profiles should become 
self-preserved in the limit of large L,. The individual 
curves for L, = 500 are plotted in a normalized plane of 

4*/4max vs r/rl,z and presented in Fig. 2. Indeed, the 
overlap of the profiles at different z* to one single curve 
in Fig. 2 demonstrates that the charge density 
distribution obeys a self-preservation law in the case 
when L, > 500 and L, >> z*. Fig. 1 describes another 
limit in which L, is of order unity and the charged 
species due to strong effects of migration hardly extend 
to a distance of 10 jet radii from the jet inlet section. 

Equation (28) can further be used to derive a simple 
expression for charge decay on the centerline axis. With 
r* = 0, equation (28) reduces to 

s 

m 
qz,,(z*) = emz*lLc e-""5'J1(~) d& (29 

0 

The integral can be expressed in terms of the modified 
Bessel function Z1,2 and thus the final result becomes 

q;,,(z*) = e-z*lLc[l _e- 1/(4r~q~ (30) 

L 

5 
FIG. 2. Normalized charge density profiles using equation (28) 

with L, > 500. 

This equation is quite illuminating as it shows the 
combined effects of charge relaxation and turbulent 
diffusion in dispersion of charge in the flow. One is 
reminded that *K is approx. 10. With L, < 5 which is the 
case when the fluid conductivity is relatively high 
(z > sl$/5a), the charge convected in the flow rapidly 
decays due to migration and diffusion plays an 
insignificant role. On the other hand, in the low 
conductivity limit of Q > sq/5OOa, the charge species 
are dispersed by turbulent diffusion in the flow domain 
where z* << L, which is in agreement with our previous 
conclusion. 

Downstream of the inlet section, in the region 
z* > 20, equation (30) can further be simplified. 
Expanding the exponential term in the bracket of 
equation (30) and keeping only the first two terms in the 

FIG. 1. Charge density profiles at jet cross sections with L, = 5.0 using equation (28). 
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expansion, one finds that 

q,&,(z*) = & - e -r*‘Lc (31) 

at the centerline. 
In this flow region, the charge density decays 

proportionally to the distance from theinlet section due 
to turbulent diffusion. Incidentally, in the limit L, >> 1 
which the fluid is almost an electrically perfect 
insulator, and the dispersion of charged species is 
similar to other scalar quantities such as mass 
concentric and temperature, qz,(z*) obeys a decay law 
identical to the one described by equation (1) except 
for a constant which exists because of wall effects. 
Surprisingly, one also finds that the constant C, in 
equation (1) has the same numerical value as 4~. 

THE NUMERICAL SOLUTION 

In this section, we confine our attempts to consider a 
realistic velocity profile and thereby numerically solve 
equation (22) for q*. Obviously, a more comprehensive 
analysis involves an attempt to solve simultaneously 
equation (27) along with the Navier-Stokes equations 
and the continuity equations as is discussed, for 
example, by Spalding [lo]. However, such an 
alternative does not appear practical in terms of 
computer time necessary to obtain anumerical solution 
in the entire flow field for different values of Lo. Besides, 
the present analysis is expected to be adequate for 
practical application which are concerned with the 
mean-charge density field and not the fluctuating part. 
The three different flow regions of a free turbulent jet 
issued from a submerged inlet is shown in Fig. 3. The 
inlet section extends 8aj-10uj from the inlet and is 
composed of a core potential region and a diffusion 
layer which grows with z. The axial velocity z,,~ in the 
inlet section when z* < z: can be expressed as follows 

[18] : 

I 

1 r* <r: 

v$(r*, z*) = 2x1.‘-x3 r* < r* < r-2 (32) 

0 r* > rz 

where x = (r$-r*)/(rz-rf) is the normalized thick- 
ness of the diffusion layer and the radii r: and rt which 
set the boundaries of the diffusion layer are defined as 

r:(z*) = 1 --z* 

rz(z*) = 1 +az* 
(33) \ I 

respectively with 0: being a constant. The parameter CI is 
the rate of growth of the diffusion layer and it also 
determines the length of the inlet region. The radial 
distribution of the mean axial velocity becomes again 
self-similar beyond a distance 12aj-16aj from the inlet 
in a turbulent jet which is the established region and 
commonly known as the far field. The axial velocity D in 
the far field when z* > z: is best approximated by [ 181 

u$(r*, z*) = f$ exp [ -4O(r*/z*)‘]. (34) 

The transitional region is situated between the 
inlet and far field sections of a turbulent jet where 
z: < z* < z:. No specific expression for the velocity 
profile is available in this region ; moreover, if one extra- 
polates I),,~ and u,,, to the transitional region, it turns out 
that such a procedure will produce discontinuity in the 
axial velocity profiles. In the absence of any other 
alternatives, we define the axial velocity profiles in the 
transitional region by combining u,,~ and u,,r through a 
weighting function. To be acceptable, the weighting 
function should be chosen in such a way that not only 
the velocity field becomes continuous in the entire flow 
domain, but also all its derivatives in the r and z 
directions be continuous. Thus, the following steps will 

FIG. 3. Various regions in a turbulent jet. 
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FIG. 4. Charge density profiles at several jet cross sections with L, = 50, numerical solution. 

be taken to define the velocity field in the transitional 
region. We set z : = 12.8. Acccordingly, we also have 

a = + = 0.078. (35) 

For z* > 12.8, u,(r*,z*) is determined from equation 
(3). When z* < 12.8, 

ur(r*, z*) = f~=,~(r*, z*)[l -e(zl-zr)i1.5] 

+u$-(r*, zt) e(*-zf)‘1.5. (36) 

1545 

This definition of u: satisfies all the physical 
requirements for the velocity field. It matches the 
velocity profiles u$ and t& at the proper limits and has 
a continuous derivative. It turns out, however, that the 
expression in equation (35) is in modest agreement with 
some of the experimental data as well [19]. 

The finite-difference procedure used to solve 
equation (24) is similar to the one developed by 
Patankar and Spalding [20], CDM in the radial 
direction and FMD in the axial direction, which leads 

1.0 

0.9 

0.6 

0.7 

0.6 

s& 

0.5 

0.4 

0.3 

0.2 

FIG. 5. The decay of qmx with z, numerical solution. 
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to an implicit scheme with no dependency on the 
downstream conditions. uf is obtained using the 
continuity equation, equation (12). The numerical 
technique allowed for large steps in the axial direction 
with good stability in computations. For a more 
detailed description, one is referred to Davis [21]. 

Figure 4 presents the mean charge density protiles at 
several cross sections for L, = 50. The radial charge 
density distributions in this figure demonstrate that all 
the initial and boundary conditions imposed on the 
problem are well satisfied. The computations also 
indicate that, in the far field, the charged fluid is 
confined to within five jet radii from the jet axis. 

Variations of charge density on the centerline of the 
axisymmetric jet for different ranges of L, are depicted 
in Fig. 5. Here, q& is the ratio q~~~q~ with qmax being 
the maximum cross-sectional charge density which 
decreases monotonically as z* increases. When L, < 5, 
q,?& decays rapidly in the inlet section. In this case, the 
fluid is sufficiently conductive and the charged species 
in the jet are dispersed via migration to the adjacent 
fluid and eventually to the walls of the container. For 
moderate ranges of L,, i.e. 10 < L, < 200, the 
relaxation time t is at least an order of magnitude larger 
than the characteristic time for convection al& which 
allows for the simultaneous effects of migration and 
diffusion in the radial direction. The decay of q& is 
dependent on L, and is a result of relaxation as welt as 
turbulent diffusion. In agreement with our analytical 
results presented previously, the characteristics of the 
charged jet remain independent of L, for L, > 500. In 

this limit, the relaxation time is much larger than the 
respective diffusion time scale and as a result migration 
effects are negligibly smaller in comparison to radial 
diffusion. With L, > 500, the charge density field 
behaves similarly to conservative scalars, and the 
respective curve for decay of q& may be compared 
with the experimentally observed decay of quantities 
such as temperature and concentration and qualitative 
agreements can be obtained for example with the 
experimental data of Birch et al. [ 111. 

The spread of a charged jet can be presented by the 
variations of the jet half-radius of charge density 
profiles with z*. These variations are shown in Fig. 6. 
This figure indicates that the charged jet actually 
shrinks when L, < 5 and spreads to about twice its 
initial diameter when 10 < L, < 200. In the limit 
L, >, 500, the charged fluid tends to spread linearly in 
the far field up to 4Ou, from the inlet: however, beyond 
this range, the time scale for convection is comparable 
to the relaxation time and as a result once again 
migration confines the charged jet. 

CONCLUSIONS 

Regarding the dispersion of charged species via 
a turbulent jet, three fluid conductivity ranges can 
be distinguished; a high conductivity limit when 
ci > 0.2 EV~JL+, an intermediate conductivity range 
when 0.005 eYj/aj < c < 0.1 .sl$/uj, and finally a low 
conductivity range when cs < 0.002 EI//aj with a and E 

1 

10.0 20.0 30.0 40.0 
z* 

FIG. 6. The variation of rliz with z, numerical solution. 
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being the fluid electrical conductivity and permittivity, 
respectively. 

In the high conductivity limit, the induced electric 
field on the periphery of the jet disperses the charged 
species to the adjacent fluid and ultimately to the walls 
of the receiving vessel. The relaxation time is of the 
order of the characteristic time for convection a,/ur and 
as a result, the charge density decays rapidly in the 
near field of the jet and the charged fluid does not extend 
to the far field. 

In the intermediate conductivity range, the charge 
relaxation time r becomes comparable to the turbulent 
diffusion time scale which can be regarded as uf/D,. 
Further, in the immediate far field of the jet, the time 
scale z/vj is of the same order as the other two time 
scales. Consequently, the charge density field is 
convected to the far field and in this region both 
migration and turbulent diffusion contribute to charge 
dispersion. Electrostaticcharacteristicsofachargedjet, 
in this limit, are dependent on a dimensionless parameter 
L, which is defined by equation (19) ; and the decay and 
spread of mean charge density in the jet is described in 
Figs. 5 and 6, respectively. The decay may also be 
obtained from equation (30) which is obtained using an 
approximate analytical solution. 

For a turbulent charged jet, with u < 0.002 .sy/aj, it 
can be considered that the fluid is almost an insulating 
one. Here, the relaxation time is much larger than the 
diffusion time ; and as a result, migration effects are 
virtually non-existent except in the far downstream of 
the jet where the time scale z/q may be comparable to r. 
Therefore, in this case, charge density profiles are 
independent ofconductivity in the far field at least up to 

a distance of 100~~ downstream of the inlet section 
where charge density decays due to radial turbulent 
diffusion ; and beyond this region, migration may again 
contribute to charge dispersion. One notes that, in 
this low-conductivity limit, sometimes high electric 
fields do exist on the jet boundaries ; however, the fluid 
is also extremely resistive which makes the resulting 
radial migration current negligible in comparison to 
radial diffusion current. 

For hazard applications, it is desirable to have an 
estimate of the charged region inside a receiving tank 
which is filled with charged fluid. As a useful byproduct 
of the present analysis, an assessment on the size of the 
charged fluid in a turbulent free jet can be made. Here, 
we are concerned with those regions in the flow that 
retain at least a specific fraction of the initial fluid 
charge density. 

Noting that the charge density profile does not 
broaden itself appreciably downstream of the flow for 
all conductivity ranges, we may define an effective 
volume V for the charged fluid in the jet as 

v = na;L (37) 

with L being the axial distance from the inlet that 
y,,, = 0.1~~. In accordance with the definition in 
equation (37), Fig. 7 presents two curves for the varia- 
tion of V* with respect to L, which are the results of our 
numerical and analytical solutions. In this figure, 
V* = V/n,j is the dimensionless volume. For both 
curves, V* increases with L, up to the low-conductivity 
range of L, > 500 where V* is independent of L, and 
a constant. The value of V* in the low-conductivity 
range is 80 for the numerical solution and 160 for the 

1 
160.0 

FIG. 7. The variation of V* in a turbulent jet. 
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analytic solution. It should be pointed out, however 
that the answer V* = 80 for L, > 500 is more 
acceptable and the overestimation of V* in the analytic 
solution stems from the simplified velocity field we 
considered for this analysis. Nonetheless, in the high 
conductivity limit, both of the curves obtained from the 

analytic and numerical solutions indicate that V is 

proportional to T. In their analysis of stationary 
charged clouds, Schon and Kramer concluded that the 

volume of charged fluid in a flow issued from a point 
source is roughly the product ~0, with Q being the 

volume flow rate. 

Regarding the jet problem, this assertion of Schon 
and Kramer will have the form 

and therefore, 

V = nafvj (38) 

v* = L,. (39) 

The variation of V* vs L, as described by equation (39) 
is also included in Fig. 7. Our analysis predicts that 

equation (39) provides an approximation on the size of 

the charged fluid in the jet only in the high-conductivity 
range when migration and convection of charge are 
important. In other conductivity ranges that turbulent 

diffusion is a dominant factor in charge dispersion 
unrealistically high values for V* are obtained by using 
equation (39). 

It might be desirable to address the effects of fluid 
charging level on the spreading and the decay, despite 

the fact that the small charge density limit covers the 
majority of instances in which electric charging effects 

occur in low conductivity fluids. While the fluid 

conductivity is constant in the small charge density 
limit, it varies with the local space charge as the charge 
density becomes comparable to the concentration of 

ionic species in the fluid. It can be shown [22] that the 
dependency between the conductivity and the charge 

density takes the special form, 

when the ionic species are in thermodynamic 
equilibrium with the undissociated constituents. 
Equation (40) infers that the actual fluid conductivity 
increases with increasing charge density resulting in a 
net increase in the migration current. Furthermore, in 
the large charge density limit, the fluctuations of charge 
density in a turbulent flow induces corresponding 
fluctuations of conductivity which in turn produces 
turbulent-eddy migration. 

Thus, with q being of order FC, or larger, the charge 
migration current is enhanced by an actual increase in 
the fluid conductivity and also by the presence of 
turbulent-eddy migration. The influence of this 
enhancement on our results is that it shifts the 
transition from high to low conductivity limits to 
higher L, values than the ones predicted from the small 

charge density limit. The extent of this shift depends on 
the initial charging level in the jet. 

One is reminded that with the mixing and decay, the 
fluid retains small portions of the initial charge in much 

of the downstream section and at the jet boundaries. 
Then, the small charge density limit analysis still can be 

applied in these regions. Nonetheless, to incorporate 
the effects of large charge densities in our results, we 

suggest that as a first guess L, may be alternatively 
considered as 

Finally, we should add that the application of the 
present work may be limited by the simplifying 

assumption used to develop the theory; and therefore, 
the results presented here can be used more effectively 
when these assumptions are also considered in 
applications. With regard to charged species we have 

assumed that : (1) positive and negative ionic species 

have equal molecular diffusion coefficients ; (2) the local 
imbalance of positive and negative charged species 
which generate a charge field is always much less than 

the concentration of ionic species themselves, i.e. small 
charge density limit applies, yet the theory may be used 
as a first guess for jets with initially large charging levels 

by redefining L, as suggested above ; (3) the charging 
interaction between the fluid and the walls of the 
receiving tank can be neglected. With respect to the flow 

field, the assumptions are: (4) the turbulent eddy- 
viscosity and the turbulent eddy diffusion coefficient are 

equal; (5) the velocity profile in the transition region of 
a turbulent jet can be approximated by bridging the 

velocity profiles in the inlet and the established regions ; 
and (6) the charge density at the inlet of the turbulent jet 
is uniform. 

1. 

2. 

3. 

4. 

5. 

6. 

7. 
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CARACTERISTIQUES ELECTROSTATIQUES D’UN JET LIBRE, TURBULENT CHARGE 

R&sum&-On btudie l’expansion et la dtgtntrescence d’un fluide chargk qui p&nZtre dans un fluide en repos. 

L’tquation de conservation dynamique des charges est rtsolue analytiquement pour le champ de densitb de 

charge moyenne dans l’tcoulement en supposant un champ de vitesse simple et aussi numtriquement en 

utilisant un champ de vitesse plus p&is. On montre que les caracttristiques d’un jet chargk peuvent itre 
d&rites par un rapport adimensionnel de longueur (Eq)/(5aj), E et 5 &tant la pcrmittivitt et la conductivitie 
klectriques du fluide. On identifie trois domaines de conductivitt g partir des propriCt&s &lectrostatiques d’un 
jet chargk. Dans le domaine de conductivitie Olevie, quand T > 0,2(s%/aj), la rtgion chargte est confin& 
seulement au champ proche. A I’autre extreme, pour T < 0,002(sVj/aj), il y a un domaine de basse conductivitir 
dans lequel le champ de densitt: de charge dans 1Bcoulement a un comportement analogue B d’autres champs 
scalaires conservatifs dans un jet turbulent avec des vitesses de dkroissance et d’klargissement semblables. Le 
domaine intermkdiaire de conductivitk est placi: entre ces deux limites et la dispersion de charge est contrBlCe 

par la migration et la diffusion. 

ELEKTROSTATISCHE EIGENSCHAFTEN EINES ELEKTRISCH GELADENEN 
TURBULENTEN FREISTRAHLS 

Zusammenfassung-Die Aufweitung und der Zerfall eines geladenen Fluids, das als frei eintauchender, 
turbulenter Strahl in ein ruhendes Fluid einstrBmt, werden tmtersucht. Die dynamische Erhaltungsgleichung 
der Ladung wird fiir das Feld der mittleren Ladungsdichte in der Striimung sowohl analytisch-bei Annahme 
eines einfachen Geschwindigkeitsfeldes-als such numerisch-fiir ein genaueres Geschwindigkeitsfeld- 
gel&t. Es wird gezeigt, daB die Eigenschaften eines geladenen Strahls durch ein dimensionsloses 
Lgngenverhlltnis beschrieben werden kcnnen, das definiert ist als (s%)/(aaj), wobei E die elektrische 
Dielektrizitltskonstante und (r die elektrische Leitfkhigkeit des Fluids ist. Aufgrund der elektrostatischen 
Eigenschaften des geladenen Strahls konnten drei Leitftigkeitsbereiche unterschieden werden. Ein Bereich 
hoher Leitfihigkeit, fiir (r > 0,2 eq/aj, in dem die geladene Zone auf das niihere Umfeld beschrIinkt ist. Das 
andere Extrem, fiir 0 < 0,002 eVj/aj, ein Bereich niedriger Leitftihigkeit, in dem sich das Feld der 
Ladungsdichte in der Striimung analog zu anderen eingeprlgten Skalarfeldeigenschaften in einem 
turbulenten Strahl mit lhnlichen Aufweitungs- und Zerfallsraten verhllt. Der Bereich mittlerer Leitfihigkeit 
liegt zwischen diesen beiden Grenzen, dort wird die Ladungsverteilung durch die Bewegung und Diffusion 

bestimmt. 

3JIEKTPOCTATA9ECKBE XAPAKTEPHCTMKM TYP6YJIEHTHOR CBO6OnHOR 
CTPYH 3APII)KEHHOn KMAKOCTM 

AHHOTa4HR-MCCneayeTCa pacnpocTpaHeHue A 3aTyxaHne 3ap%iCeHHOti Typ6yJIeHTtIOti 3aTOnJIcHHOii 

Crpyki. &iHaMwiecKoe ypaBHeHAe CoxpaHeHufl sapana pemae-rcs aHaJIEiTB’IeCK%i nnn nOJIB cpenael IIJIOT- 

HOCTA 3apana B noToKe B npennonomemin npocTor0 nona cropocTeii, a TaKxe YncneHHo npu ncnonb30- 

BaHIiH 6onee peaJInCTWIHOr0 nOJIll CKOPOCTM. nOKa3aH0, YTO XapaKTepHCTHKA CTpyki 3apRwteHHOii 

XWIKOCTA MoryT 6bITb OnACaHbI c noMOmbIo 6e3pa3MepHoro napaMeTpa (eVj)/(oVj), me E u o nu3neK’r- 

pWieCKaa npOHHUaCMOCTb a 3JIeKTpOnpOBOZIHOCTb XOIAKOCTA, COOTBcTCTBeHHO. Ha OCHOBe WIcKTpOCTa- 

TWIeCKRX CBOi-ICTB CTpyH 3apSDKeHHOii XWnKOCTH HairneHbI Tpn XapaKTepHbIX o6nacTa 3apKlKKeHHOti 

c~pya. B nuanasose BbIcoKoii nposonaMocTu, me d > 0,2(eVj)/aj, 3apnmemian 06JIaCTb cocpenoToqeHa 

TOJIbKO B 6naxHeM none. B ApyroM iTBana30He, me c < 0,002 (&vj)/aj, CyIIIecTByeT 06nacTb HHJKOii 

npoBonnMocTa, none nnoTHocTn sapana K0~0p0Fi BeneT ce6n aHanorwIH0 npyrekf cKa.nnpHbIM nonaM a 
Typ6yJIeHTHOfi CTpye C TCMH xc CKOpOCTaMn BbIpOWIeHtlX B paCI.UHpeHHIl CTpy&i. MJIaCTb npOMexy- 

TO’IHOfi npOBOnRMOCTH HaXOLWTCa Memay nayMa yKa3aHHbIMII SOHaM& npH’IeM nHCnepCHR 3apaDa B 

Heii 0npenenaeTcn 6aJIaHCOM Mexny Murpamieii 3apana a Typ6yJIeHTHOfi nw#ysnefi. 


